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Abstract Choosing the three phenomenological models of the dynamical cosmological
term �, viz., � ∼ (ȧ/a)2, � ∼ ä/a and � ∼ ρ where a is the cosmic scale factor, it has
been shown by the method of numerical analysis for the considered non-linear differential
equations that the three models are equivalent for the flat Universe k = 0 and for arbitrary
non-linear equation of state. The evolution plots for dynamical cosmological term � vs. time
t and also the cosmic scale factor a vs. t are drawn here for k = 0,+1. A qualitative analy-
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sis has been made from the plots which supports the idea of inflation and hence expanding
Universe.

Keywords General relativity · Cosmological parameter · Inflationary cosmology

1 Introduction

The observations on Supernovae type Ia [1, 2] lead the scientists to the concept of accel-
erating Universe. The unknown type of energy responsible for this kind of acceleration is
known as dark energy. Now, there are various types of models related to this dark energy
[3, 4] and for those models the expansion rate is also different. The so called cosmological
constant may be one of them. For the explanation of accelerating Universe, � of dynamical
character is preferred rather than a constant one. This character can naturally follow from
non-linear effects of gravitational and scalar fields, involved in the physical model. In the
paper of Ray, Mukhopadhyay and Meng [5], it was shown that among the dynamical models
of �, the three types � ∼ (ȧ/a)2, � ∼ ä/a and � ∼ ρ are equivalent, where a is the cosmic
scale factor of the Robertson-Walker metric and ρ is the matter-energy density. They also
analytically established a relationship between the parameters α, β and γ of the respective
models. In the present work emphasis has been given to show the equivalence of the same
three models of � by using the method of numerical analysis of underlying non-linear Ein-
stein equation for the flat Universe (k = 0) and for equation of state with arbitrary non-linear
dependence on matter-energy density. Another aspect of this work is to make an attempt for
visualizing the incidents that occurred during the very early stage of the Universe, especially
the feature of inflation [6–8].

2 The Field Equations and General Results

The Einstein field equations are given by

Rij − 1

2
Rgij = −8πG

[
T ij − �

8πG
gij

]
(1)

where � = �(t) is the so called cosmological constant. Here c, the velocity of light, is
assumed to be unity in relativistic units.

Now, let us consider the Friedmann–Lemaître–Robertson–Walker metric

ds2 = −dt2 + a(t)2

[
dr2

1 − kr2
+ r2(dθ2 + sin2 θdφ2)

]
(2)

where the curvature constant k = −1,0,+1 for open, flat and close models of the Universe
respectively.

For the above spherically symmetric metric (2), the non-linear Einstein field equations
reduce to the following two equations, respectively the Friedmann equation and the Ray-
chaudhuri equation as

(
ȧ

a

)2

+ k

a2
= 8πGρ

3
+ �

3
, (3)
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ä

a
= −4πG

3
(ρ + 3p) + �

3
(4)

where the fluid pressure p and energy density ρ are related in the form

p = ωρn (5)

ω being the equation of state parameter of the polytropic equation of state.
The energy conservation law can be written as

8πG(p + ρ)
ȧ

a
= −8πG

3
ρ̇ − �̇

3
. (6)

Differentiating (3) with respect to time t we get

2

(
ȧ

a

)[
aä − ȧ2

a2

]
− 2k

a3
ȧ = 8πG

3
ρ̇ + �̇

3
. (7)

With the help of (6), (7) reduces to

(
ȧ

a

)2

+ k

a2
− ä

a
= 4πG(p + ρ). (8)

Now, from (4) with the help of (8) and (5), we get

(
ȧ

a

)2

+ 2

(
ä

a

)
+ k

a2
= −8πGωρn + �. (9)

2.1 � ∼ (ȧ/a)2

Let us now consider the following dynamical model of � which is

� = 3α

(
ȧ

a

)2

. (10)

Employing (10) in (3) one immediately obtains

ρ = 3

8πG

[(
ȧ

a

)2

+ k

a2

]
− 3α

8πG

(
ȧ

a

)2

. (11)

Now taking n = 1 and using (11), (9) reduces to the form

ä = −(3ω + 1)

[
ȧ2

2a
+ k

a

]
+ 3α(1 + ω)

ȧ2

2a
. (12)

2.2 � ∼ ä/a

As a second dynamical model we now start with

� = β

(
ä

a

)
. (13)
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By the use of (13) in (3), we get the value for ρ as

ρ = 3

8πG

[(
ȧ

a

)2

+ k

a2

]
− β

8πG

(
ä

a

)
. (14)

For n = 1, by the use of (14), (9) finally gives the value of ä as

ä = (1 + 3ω)

[(ω + 1)β − 2]
[

ȧ2

a
+ k

a

]
. (15)

2.3 � ∼ ρ

Let us now take the third form of phenomenological � as

� = 8πGγρ (16)

where the constraint is such that γ > 0. Using the value of � given in (16), we obtain
from (3) the value of ρ as

ρ = 3

8πG(1 + γ )

[(
ȧ

a

)2

+ k

a2

]
. (17)

Using (16) and (17), we get from (9) the value of ä for n = 1 as

ä = 2γ − 3ω − 1

2(γ + 1)

[
ȧ2

a
+ k

a

]
. (18)

In this connection it is to be noted here that Ray, Mukhopadhyay and Meng [5] have
shown that the three forms � = 3α(ȧ/a)2, � = β(ä/a) and � = 8πGγρ, as expressed
in (10), (13) and (16), are equivalent for k = 0. They found through analytical method that
the parameters involved in the three dynamical relations are connected by

α = β(1 + 3w)

3(βw + β − 2)
= γ

1 + γ
. (19)

This means that it is possible to find out the identical physical features of others if any of
those three phenomenological � relations is known.

In this connection it is, however, interesting to note here that for linear dependence on
energy density in equation of state (5), corresponding to n = 1, (15) of Case 2.2 and (18) of
Case 2.3 are equivalent for k = +1,0,−1 when the relation

(1 + 3ω)

[(ω + 1)β − 2] = 2γ − 3ω − 1

2(γ + 1)
(20)

holds good.

3 Graphical Presentation of the Results

Now using the method of numerical analysis, let us try to study the variation of the cos-
mological parameter � and the scale factor a with time which are shown in the following
plots.
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Fig. 1 Case 2.1 related to model � = 3α(ȧ/a)2 shows variation of cosmological parameter for k = 0

Fig. 2 Case 2.1 related to model � = 3α(ȧ/a)2 shows variation of scale factor for k = 0

From a close observation of the graphical plots, viz., Figs. 1, 5 and 9, one can find out
equivalence of the three models with respect to time variation of � while Figs. 2, 6 and 10
exhibit equivalence of the same three models with respect to time variation of a for k = 0
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Fig. 3 Case 2.1 related to model � = 3α(ȧ/a)2 shows variation of cosmological parameter for k = +1

Fig. 4 Case 2.1 related to model � = 3α(ȧ/a)2 shows variation of scale factor for k = +1

as obtained in analytical method by Ray, Mukhopadhyay and Meng [5]. It can also be ob-
served that Figs. 7 and 11 show equivalence of � ∼ ä/a and � ∼ ρ models with respect to
variation of � with time for k = +1. However, the behavior of � with respect to time for
� ∼ (ȧ/a)2 model is quite different. For � ∼ (ȧ/a)2 model we observe an abrupt increase
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Fig. 5 Case 2.2 related to model � = β(ä/a) shows variation of cosmological parameter for k = 0

Fig. 6 Case 2.2 related to model � = β(ä/a) shows variation of scale factor for k = 0

of the cosmological parameter within a very short period of time and then a comparatively
slower decrease of it. This abrupt rise of � may be interpreted as the driving force be-
hind inflation because time variation of the scale factor a for the same values of k, ω, α,



2506 Int J Theor Phys (2009) 48: 2499–2510

Fig. 7 Case 2.2 related to model � = β(ä/a) shows variation of cosmological parameter for k = +1

Fig. 8 Case 2.2 related to model � = β(ä/a) shows variation of scale factor for k = +1

β and γ show a very sharp increase as depicted in Figs. 4, 8 and 12. Moreover, the sudden
jump in the value of � exhibited in Fig. 3 for k = 1 shows a clear indication of the role
of the dark energy candidate � as repulsive pressure in connection to inflationary phase
of the Universe [6–8] and also may be interpreted as a numerical manifestation of the idea
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Fig. 9 Case 2.3 related to model � = 8πGγρ shows variation of cosmological parameter for k = 0

Fig. 10 Case 2.3 related to model � = 8πGγρ shows variation of scale factor for k = 0

that dark energy is responsible for making the Universe flat during inflation. This is be-
cause immediately after attaining a peak value, � has dropped down. So, it is quite natural
to think of that a huge amount of dark energy was used up for triggering the exponential
cosmic expansion as well as for removing the curvature of the Universe. Interestingly, it
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Fig. 11 Case 2.3 related to model � = 8πGγρ shows variation of cosmological parameter for k = +1

Fig. 12 Case 2.3 related to model � = 8πGγρ shows variation of scale factor for k = +1

is to be noted here that this type of qualitative variation of � with time during inflation
was unavailable in the analytical method by Ray, Mukhopadhyay and Meng [5]. However,
due to lack of advanced computing facility, in the present investigation we could not quan-
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tify the time duration of inflation which has been suggested in the literature as 10−35 to
10−32 sec [9].

The present work shows that although phenomenological models do not originate from
any quantum field theory, yet at least in some cases they can successfully reflect the present
cosmological picture. This is another positive side of this investigation. In particular taking
the values of �m0 = 0.330 ± 0.035 [1–4], the ranges of the values of model parameters
α0, β0, γ0, corresponding to the observed accelerated expansion, are obtained as 0.635 ≥
α0 ≥ 0.705,3.417 ≥ β0 ≥ 4.674 and 1.739 ≥ γ0 ≥ 2.389.

Using the above-mentioned values of �m0, the ranges of the present values of the cos-
mological parameter �0 are obtained as 1 × 10−35 s−2–2 × 10−35 s−2, which agree with
the results of Carmeli [10] and Carmeli and Kuzmenko [11], where they obtain the value
1.934 × 10−35 s−2.

4 Conclusions

In the present investigation, instead of finding out exact solution of the ordinary non-linear
differential equation, the method of numerical analysis has been adopted for the three phe-
nomenological models of �, viz., � ∼ (ȧ/a)2, � ∼ ä/a and � ∼ ρ. However, the main idea
of the article i.e. the study of numerical solutions for cosmological problems in absence of
particular or general analytic solutions is not a new idea. Interesting literature in this aspect
are available, where numerical cosmology with the Cactus code [12] or testing the Cactus
code on exact solutions of the Einstein field equations [13] have been performed.

The dynamical nature of � and its time variation of the present investigation can find
physical origin in non-linear effects of gravity (as it was the case for nonlinear R2 term
induced by vacuum polarization in one of the first inflationary models [14]) or of scalar
fields, involved in the model (as it took place in the of self consistent inflation [15–17]). The
interesting features of this investigation can be put in the following way:

(1) The time variation of � and a for k = 0 support the work of Ray, Mukhopadhyay and
Meng [5] so far as the equivalence of the three chosen phenomenological models are
concerned.

(2) It has been possible to establish that � ∼ ä/a and � ∼ ρ models are also equivalent for
k = 1.

(3) Finally, a bonus obtained from the present numerical work is the qualitative visualization
of inflationary scenario of the Universe through the variation of �.

Acknowledgements One of the authors (SR) is thankful to the authority of Inter-University Centre for
Astronomy and Astrophysics, Pune, India for providing Visiting Associateship under which a part of this
work was carried out.

References

1. Riess, A.G., et al.: Astron. J. 116, 1009 (1998)
2. Perlmutter, S., et al.: Nature 391, 51 (1998)
3. Overduin, J.M., Cooperstock, F.I.: Phys. Rev. D 58, 043506 (1998)
4. Sahni, V., Starobinsky, A.: Int. J. Mod. Phys. D 9, 373 (2000)
5. Ray, S., Mukhopadhyay, U., Meng, X.-H.: Grav. Cosmol. 13, 142 (2007)
6. Guth, A.H.: Phys. Rev. D 23, 347 (1981)
7. Linde, A.: Phys. Lett. B 108, 389 (1982)
8. Albrecht, A., Steinhardt, P.J.: Phys. Rev. Lett. 48, 1220 (1982)



2510 Int J Theor Phys (2009) 48: 2499–2510

9. Guth, A.H.: The Inflationary Universe: Quest for a New Theory of Cosmic Origins. Vintage, New York
(1998)

10. Carmeli, M.: Int. J. Mod. Phys. A 17, 4219 (2002)
11. Carmeli, M., Kuzmenko, T.: Int. J. Theor. Phys. 41, 131 (2002)
12. Vulcanov, D.N.: arXiv:gr-qc/0210006
13. Vulcanov, D.N.: Int. J. Mod. Phys. C 13, 805 (2002)
14. Starobinsky, A.: Phys. Lett. B 91, 99 (1980)
15. Dymnikova, I., Khlopov, M.: Mod. Phys. Lett. A 15, 2305 (2000)
16. Dymnikova, I., Khlopov, M.: Eur. Phys. J. C 20, 139 (2001)
17. Dymnikova, I., Khlopov, M.: Grav. Cosmol. Suppl. 4, 50 (1998)

http://arxiv.org/abs/arXiv:gr-qc/0210006

	Scenario of Inflationary Cosmology from the Phenomenological Lambda Models
	Abstract
	Introduction
	The Field Equations and General Results
	Lambda(a/a)2
	Lambdaä/a
	Lambdarho

	Graphical Presentation of the Results
	Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


